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Today's topics
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• First-order methods


- Gradient & stochastic gradient descent (SGD)


- Momentum


- Adaptive gradients (RMSProp, Adam) 

• Second-order methods


- Newton's method for optimization


- Quasi-newton methods:


• Gauss-Newton, BFGS

Classic optimization topic

Crazy activity here in 
the last few years
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Minimization
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• This is the unconstrained case because we do not require the solution to lie on the boundary 
or interior of a set. Extra steps need to be taken to solve such constrained optimization tasks:

<latexit sha1_base64="DK5kkbJ4QSeYoAMsz2d2CIOzR5Y="></latexit>

x⇤ = arg min f (x)

<latexit sha1_base64="FfmBuJr2zsnAbSAhRB8L6vIbZ6E="></latexit>

h(x) = 0,
g(x) > 0

<latexit sha1_base64="DK5kkbJ4QSeYoAMsz2d2CIOzR5Y="></latexit>

x⇤ = arg min f (x)
where

Covered in

CS328
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Minimization via root finding
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Minimum could be at 
domain boundaries. 

This case arises in 
constrained optimization. 

  
(methods covered today do 

not handle this case)

Derivative at interior

minima is zero.

Points with zero derivative 
could also indicate maxima...


(not interested in such 
solutions, hopefully we 

won't find any of this type)
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General approach
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• Problem cannot be solved all at once. 


- Instead, algorithm repeatedly performs steps of the form 


-  computed using local information: value, derivatives, 2nd derivatives, etc.


• Main questions: in what direction and how far should we step?


• Should each step be completely independent? 
.. or can it be influenced by information from prior iterations? 

• No guarantees in general: optimizer can get stuck, explode, etc.

xi+1 = xi + Δi

Δi
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Optimization via root finding
Bump all quantities by 1 derivative order..
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• Newton's method for root finding (1D): 
 
 
 
 

• Newton's method for optimization (1D):

<latexit sha1_base64="z9T9PIv9WaexaTzy0HxehUucR2w="></latexit>

xi+1 = xi �
f (xi)
f 0(xi)

<latexit sha1_base64="uY3ioLBkSbtgcJXHP5tnBInFSm8="></latexit>

xi+1 = xi �
f 0(xi)
f 00(xi)

Finds a root of the derivative 
(Hopefully, a local minimum)
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Newton's method in 1D
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<latexit sha1_base64="uY3ioLBkSbtgcJXHP5tnBInFSm8="></latexit>

xi+1 = xi �
f 0(xi)
f 00(xi)

<latexit sha1_base64="z9T9PIv9WaexaTzy0HxehUucR2w="></latexit>

xi+1 = xi �
f (xi)
f 0(xi)

Root finding:

Optimization:
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Optimization challenges
Global vs local minima
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local minimum

global minimum

f (x)

x

f′￼(x) = 0
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Optimization challenges
Saddle points
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• Saddle point: a local minimum in one  
direction, a local maximum in the other.


- Cannot happen in 1D


- Becomes possible in 2D


- Far more likely in higher dimensions 😱 
(  saddle configurations in  dim.) 
 

• Can often escape saddle points using 
 momentum and/or noise.

2n − 1 n

[Wiki commons]

https://en.m.wikipedia.org/wiki/File:Saddle_point.svg
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Gradient descent
a.k.a. steepest descent
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•  is the step size (a fixed constant in this simple case).


• This is a hyper-parameter: a parameter of a method that itself optimizes parameters.


• Other (implicit) hyper-parameters:


- number of descent steps


- algorithm used to select the initial state .

η

x1

<latexit sha1_base64="1ucI/4dd4R4pFhVPrv7toL12GYo="></latexit>

xi+1 = xi � hr f (xi)
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Problems with Vanilla Gradient Descent (i)
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• Gradient provides the direction. But how far should we step? Fixed choice of  can be 
both fragile and problem-dependent.


- For example, suppose we set . Then  has  
the same minima as . But gradient descent on this function will 
take steps that are 1000 times larger! 

- Line search: define . Find the value of  that 
minimizes , which yields the optimal step size. This is a simple 1D 
optimization that can be handled using many different algorithms.  

η

̂f(x) := 1000 ⋅ f(x) ̂f(x)
f(x)

g(t) := f(x − t∇f(x)) t
g(t)

−∇f(xi)

xi

xi+1

g(t)

t

(Not used much in ML. Does not play well with stochastic variants discussed next.)
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Problems with Vanilla Gradient Descent (ii)
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• Non-uniform convergence:

- Y component immediately converges and then over/under-shoots.

- X component converges very slowly.

- (This is an axis-aligned example. This kind of issue can also happen diagonally.)


• Gradient isn't doing a good job at pointing towards the minimum.

• Hessian (matrix of second derivatives) describes the shape of this ellipse. Things get 

tricky when it has a large condition number.

Minimum
😊...

isocontours
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Problems with Vanilla Gradient Descent (iii)
Divergence..
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• Let's optimize a simple quadratic  .   Then 


• At each iteration, gradient descent computes 
 
       

• If , then this will explode 💥


• Solving for the step size, this means that convergence requires .

f(x) :=
1
2

cx2 f′￼(x) = cx

xk+1 = xk − ηf′￼(xk) = (1 − cη) xk

(1 − cη) > 1

λ <
2
c
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Problems with Vanilla Gradient Descent (iv)
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• What if  f  is a sum of n terms? If n is very large, it may be expensive to  
evaluate f & f. 
 
 
 
 

• Solution: pick one k'  at random (with prob. 1/n). 
 
 
 
 

∇
<latexit sha1_base64="He4ti7Vuc1okaL+GAsboHNBlFTo="></latexit>

f (x) =
1
n

n

Â
k=1

fk(x)

prob. of event
<latexit sha1_base64="Wz+1iDAxHJu8MOx8eItNoOLpsJY="></latexit>

E[r fk0(x)] =
n

Â
k=1

1
n
r fk(x) = r f (x)

<latexit sha1_base64="ZH23FkU7B/useV7RsnbIOgP4Of8="></latexit>

r fk0Then            has the expected value 

which equals the (costly) full gradient. In other words, it is an unbiased estimator of f.∇
sum over all possible outcomes
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Stochastic gradient descent (SGD)
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• SGD is a Monte Carlo method. We will see many more examples in the next lecture.


• Motivation: SGD is approximate but it takes the right step in expectation ("on average"). 


• Noise actually helps training.


• In typical ML applications, n is the number of training examples (large!). Picking just a 
single k', while unbiased, gives an extremely bad gradient approximation.


• "Mini-batch" SGD: 


- pick a subset of m (where m << n) samples from the training dataset.


- take gradient descent steps using the average gradient from this batch.


- Batching greatly improves utilization on GPUs 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Gradient descent with momentum 
Previous methods did not use any information from the past. Let's fix that.
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MidJourney: a ball rolling down a 
mountain

• Motivation (also works with stochastic variant):


• If one parameter has a very small derivative, but it is 
consistently positive or negative, GD with momentum 
will become progressively faster.


• Parameters, whose derivative sign oscillates back and 
forth do not build up a large velocity.

<latexit sha1_base64="I0VtBtn5tWqHZFbxDWbTIw5TfPc="></latexit>

vi+1 = rvi �r f (xi)
<latexit sha1_base64="cgultN49NqoOhW+Gg1VLw6CI07w="></latexit>xi+1 = xi + hvi+1

Typ. values: 0.9 or 0.99. Smaller values add more "friction".Velocity
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Exponentially moving averages
Taking a closer look at the velocity update in GD with momentum
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<latexit sha1_base64="WN89YYId5vPj9oNciR7isKjfR8U="></latexit>

v1 = 0
<latexit sha1_base64="RflEqdNcxJSU0P4Vx9+C3IlRxhQ="></latexit>

v2 = �D f (x1)
<latexit sha1_base64="WZdu22YZUKArAJzJ6CBv6l78pWU="></latexit>

v3 = �rD f (x1)� D f (x2)
<latexit sha1_base64="vsahPRbqZ3ZErHwX5XYvSoMYEUY="></latexit>

v4 = �r2D f (x1)� rD f (x2)� D f (x3)
<latexit sha1_base64="yRrTTOLKbEiiA8TJPzFz5e1EAhM="></latexit>

v5 = �r3D f (x1)� r2D f (x2)� rD f (x3)� D f (x4)

Average of past information that progressively "fades out" older data.

Exponentially moving averages (EMAs) play a major role in many gradient-based optimizers.



RGL Realistic Graphics Lab

RMSProp
A side note in a Cousera course by Geoffrey Hinton. Chooses step size adaptively per parameter
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• Motivation 1: subsequent steps of opposite sign cancel in normal gradient descent. The 
variable  provides an EMA of the squared gradient, where this cancellation doesn't 
happen. Division by the square root of  reduces the step size when close to the solution.

Ḡi
Ḡi

(You do not need to memorize the update rules of this algorithm for the exam)

<latexit sha1_base64="skMAaMDALfd4OXO/glC2/Mr+CkQ="></latexit>

gi = rf(xi�1)

Ḡi = ⇢Ḡi + (1� ⇢)g2
i

�i = � ⌘p
Ḡi + "

gi

xi = xi�1 +�i

(Slight change in notation:

we're now computing the


state of iteration i from i-1).

A small positive value so

that this fraction cannot explode

<latexit sha1_base64="itzfRvTHrgZOawFTljh4Nm5CZkU="></latexit>

gi = rf(xi�1)

Ḡi = ⇢Ḡi�1 + (1� ⇢)g2
i

�i = � ⌘p
Ḡi + "

gi

xi = xi�1 +�i

<latexit sha1_base64="skMAaMDALfd4OXO/glC2/Mr+CkQ="></latexit>

gi = rf(xi�1)

Ḡi = ⇢Ḡi + (1� ⇢)g2
i

�i = � ⌘p
Ḡi + "

gi

xi = xi�1 +�i

<latexit sha1_base64="skMAaMDALfd4OXO/glC2/Mr+CkQ="></latexit>

gi = rf(xi�1)

Ḡi = ⇢Ḡi + (1� ⇢)g2
i

�i = � ⌘p
Ḡi + "

gi

xi = xi�1 +�i

• Motivation 2: Let's think about the the example  from earlier.̂f(x) := 1000 ⋅ f(x)
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Adam ≈ Momentum + RMSProp
These ideas can be combined. Why not do both at once?
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• Default parameters: .


• Some details not shown:  proper implementations scale  and  with a correction 
factor to overcome startup bias in the first few iterations.

ρ1 = 0.9,ρ2 = 0.999

ḡi Ḡi

(You do not need to memorize the update rules of this algorithm for the exam)

<latexit sha1_base64="U+kSRabz/MMCSTq9p1L7U70K/qo="></latexit>

gi = rf(xi�1)

ḡi = ⇢1ḡi + (1� ⇢1)gi

Ḡi = ⇢2Ḡi + (1� ⇢2)g
2
i

�i = � ⌘p
Ḡi + "

ḡi

xi = xi�1 +�i

<latexit sha1_base64="IS7WYNSexoiJTjaAJZ4is1Q60fU="></latexit>

gi = rf(xi�1)

ḡi = ⇢1ḡi�1 + (1� ⇢1)gi

Ḡi = ⇢2Ḡi�1 + (1� ⇢2)g
2
i

�i = � ⌘p
Ḡi + "

ḡi

xi = xi�1 +�i

EMA of gradients

EMA of gradient squares

<latexit sha1_base64="IS7WYNSexoiJTjaAJZ4is1Q60fU="></latexit>

gi = rf(xi�1)

ḡi = ⇢1ḡi�1 + (1� ⇢1)gi

Ḡi = ⇢2Ḡi�1 + (1� ⇢2)g
2
i

�i = � ⌘p
Ḡi + "

ḡi

xi = xi�1 +�i

Step into averaged gradient

direction (→ momentum), scale

adaptively based on history of

past (squared) gradients.

<latexit sha1_base64="U+kSRabz/MMCSTq9p1L7U70K/qo="></latexit>

gi = rf(xi�1)

ḡi = ⇢1ḡi + (1� ⇢1)gi

Ḡi = ⇢2Ḡi + (1� ⇢2)g
2
i

�i = � ⌘p
Ḡi + "

ḡi

xi = xi�1 +�i

<latexit sha1_base64="U+kSRabz/MMCSTq9p1L7U70K/qo="></latexit>

gi = rf(xi�1)

ḡi = ⇢1ḡi + (1� ⇢1)gi

Ḡi = ⇢2Ḡi + (1� ⇢2)g
2
i

�i = � ⌘p
Ḡi + "

ḡi

xi = xi�1 +�i
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Adam is nowadays often the default
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Adam: A Method for

Stochastic Optimization

Kingma & Ba

230 641 citations 🤯

Molecular Structure of 

Nucleic Acids [..]

Watson & Crick

20 817 citations
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Benchmark: ellipses & the Rosenbrock function
aka. the Banana function
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f (x, y) = (1 � x)2 + 100(y � x2)2



Demo time
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A zoo of different optimizers
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The minimize function supports the following methods:


• minimize(method=’Nelder-Mead’)


• minimize(method=’Powell’)


• minimize(method=’CG’)


• minimize(method=’BFGS’)


• minimize(method=’Newton-CG’)


• minimize(method=’L-BFGS-B’)


• minimize(method=’TNC’)


• minimize(method=’COBYLA’)


• minimize(method=’SLSQP’)


• minimize(method=’dogleg’)


• minimize(method=’trust-ncg’)


• minimize(method=’trust-krylov’)


• minimize(method=’trust-exact’)


The minimize_scalar function supports the following methods:


• minimize_scalar(method=’brent’)


• minimize_scalar(method=’bounded’)


• minimize_scalar(method=’golden’)

Newtons’s M., using the 

conjugate gradient method

to ‘invert’ H.

Newtons’s M., automatically

approximating the Hessian

BFGS, approximating

the Hessian with reduced memory.

Heuristic search strategies that 

do not require any derivatives

‘Gradient descent’ with, 

with conjugate directions 

Truncated Newton algorithm

Bounded version of ‘brent’

Golden + inverse

parabolic interpolation

Golden section search

Trust region

methods

Constrained

optimization
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A harder benchmark?
The Rastrigin function

24
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Second-order methods

25

<latexit sha1_base64="zUY1EJOqjjGTbrnZZF5ME5b8EOo="></latexit>

f (x + h) ⇡ f (x) +r f (x) · h +
1
2

h
T

H f (x)h

Based on a second-order Taylor approximation of the objective function.

[Wikipedia]

Local minimumLocal maximum Saddle point

Gradient Hessian
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Newton's method for optimization
Like in the 1D example from earlier, we just increase the order of differentiation by 1.
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<latexit sha1_base64="qusCZH5CqURSa/WXwQFT1iMHxeM="></latexit>

xi+1 = xi � H
�1
f (xi)r f (xi)

Newton’s method for optimization

<latexit sha1_base64="xXBCuUNbWu7wSgo5GV9HSz4UfkE="></latexit>

xi+1 = xi � J�1
f (xi)f(xi)

Newton’s method for root finding
Finds the root (f(x) = 0) of a

vector-valued function f. 

Finds the root (∇f(x) = 0) of  
the gradient of a scalar 
function f).
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Intuition about second-order methods
Everything you know about Newton's method applies here as well.
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• Step size: Newton's method simply does not have this parameter. It knows where to 
go, and how far. Whether those choices are ultimately good is another question. 

• Second derivatives, curvature, and ellipses.. 
How do they relate? 

• Computational cost. AD can compute entries of the 
Hessian, but getting all of them is extremely costly  
when the number of dimensions is large. 
 
(Also, need to solve a different linear systems per step) x

y

<latexit sha1_base64="DqeF6QybKXHMP5Orpd0iNW3fvS0="></latexit>

∂2 f
∂x∂y
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What solving a linear system accomplishes
The Hessian encodes local ellipsoid approximation we saw earlier.

Multiplying by its inverse "unwarps" the space

28

(To be consistent with previous figures, please imagine these plots were flipped vertically,

so that this is a minimization problem instead of a maximization problem)
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Quasi-Newton methods
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• A true Newton step would be ideal. But it is too 
expensive.


• Let's compromise.. 

• Idea (v1.0): Using gradients, compute an 
approximation of the Hessian! 

• Idea (v2.0): Using gradients, compute an 
approximation of the inverse Hessian!

ChatGPT: Isaac Newton

and his impostor.
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Core ingredient: Sherman-Morrison formula
Powerful: tells us how the inverse A-1 changes, when we make a standard modification to A.

30

(A + uvT)�1 = A�1 � A�1uvTA�1

1 + vTA�1u

Where
<latexit sha1_base64="046DplrDP8gWub+7H3Cz8Xnqj5g=">AAACMnicbVBLTsMwFHT4lvILsGRjUSGxgCpBRbAssGFZEP1ITagc12mtOk5kO0glykU4BwdgCzeAHWLBhkPgtJGgLSNZGs37zPN4EaNSWdabMTe/sLi0XFgprq6tb2yaW9sNGcYCkzoOWShaHpKEUU7qiipGWpEgKPAYaXqDy6zevCdC0pDfqmFE3AD1OPUpRkpLHbPiBEj1PT85Tw/hL79LjuzUoXyseMmNVrijaEAk5GnHLFllawQ4S+yclECOWsf8crohjgPCFWZIyrZtRcpNkFAUM5IWnViSCOEB6pG2phxpHzcZ/S6F+1rpQj8U+nEFR+rfiQQFUg4DT3dm18rpWib+V2vHyj9zE8qjWBGOx0Z+zKAKYRYV7FJBsGJDTRAWVN8KcR8JhJUOdMIl2x2hhzBLxp7OYZY0jsv2Sdm6rpSqF3lGBbAL9sABsMEpqIIrUAN1gMEjeAYv4NV4Mt6ND+Nz3Dpn5DM7YALG9w9GM6wr</latexit>

A, A�1 2 Rn⇥n a matrix and its inverse
<latexit sha1_base64="za3DdW/OIGoPgdq1DLgOqKwZnLQ=">AAACLHicbVBLTsMwFHTKr/wDLNlYVEgsUJQgECwr2LAsiH6kJlSO67RWHSeynUolyi04BwdgC0dggxBbuAZOGyTa8iRL45n3PM/jx4xKZdvvRmlhcWl5pby6tr6xubVt7uw2ZJQITOo4YpFo+UgSRjmpK6oYacWCoNBnpOkPrnK9OSRC0ojfqVFMvBD1OA0oRkpTHdNyQ6T6fpAm2fEvHGYu5ZOLn95m9yl3FQ2JhDzrmBXbsscF54FTgAooqtYxv91uhJOQcIUZkrLt2LHyUiQUxYxka24iSYzwAPVIW0OOtI+Xjv+VwUPNdGEQCX24gmP270SKQilHoa87823lrJaT/2ntRAUXXkp5nCjC8cQoSBhUEcxDgl0qCFZspAHCgupdIe4jgbDSUU655G/H6CHKk3Fmc5gHjRPLObPsm9NK9bLIqAz2wQE4Ag44B1VwDWqgDjB4BM/gBbwaT8ab8WF8TlpLRjGzB6bK+PoBzcOqhA==</latexit>

u, v 2 Rn⇥n vectors of rank-1 update

Inverse of 
(A plus rank-1 matrix) (Inverse of A) - 

(different rank-1 matrix).

(A + uvT)�1 = A�1 � A�1uvTA�1

1 + vTA�1u

(You do not need to memorize this equation for the exam)
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BFGS
Broyden–Fletcher–Goldfarb–Shanno algorithm

31

• Maintain an approximate inverse Hessian H-1 (initially set to the identity).


• After taking a step Δx, the gradient ∇f  changes. Let's call this change Δ∇f


• We would expect that the Hessian "explains" the observed change: H Δx = Δ∇f.

- In practice, it won't (because the Hessian is wrong). But this gives a nice recipe 
for updating the Hessian so that it is more accurate.


- Formulated as a rank-1 update to both H and H-1, which can be cheaply performed 
via the Sherman-Morrison formula. (Details are beyond the scope of CS328)


• That's it. BFGS starts out like gradient descent but then becomes more "Newton-
like" the more accurate its Hessian becomes.


